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Abstract For any positive integer n, the famous Smarandache double-factorial function 
SDF*(n) is defined as the smallest positive integer m, such that m!! is divisible by n, where 
the double factorial m!! = 1-3-5---m, if m is odd; and m!! = 2-4-6---m, ifm is even. The 
main purpose of this paper is using the elementary and analytic methods to study the value 


distribution properties of SDF (n), and give an interesting mean value formula for it. 
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81. Introduction and results 


For any positive integer n, the famous Smarandache double-factorial function SDF (n) is 
defined as the smallest positive integer m, such that m!! is divisible by n, where the double 


factorial 


ne if m is odd ; 
mi! = 


2-4-6---m, if mis even. 


For example, the first few values of SDf(n) are: 


=1, SDF(2) =2, SDF(3) =3, SDF(4) =4, SDF(5) =5, SDF(6) =6, 
=7, SDF(8) =4,SDF(9) =9, SDF(10) =10, SDF(11) =11, SDF(12) =6, 
SDF(13) = 13, SDF(14) =14, SDF(15) =5, SDF(16) =6 ----:- , 


In reference [1] and [2], F.Smarancdache asked us to study the properties of SDF(n). 
About this problem, some authors had studied it, and obtained some interesting results, see 
reference [3]. In an unpublished paper, Zhu Minhui proved that for any real number x > 1 and 


fixed positive integer k, we have the asymptotic formula 


5a2 a? R ay x7 x? 
SDF = —_ - — O 
yy (n) ee ae a » + (<a -) ’ 


i 
nee =m ne 


where a; are computable constants. 
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The other contents related to the Smarandache double-factorial function can also be found 
in references [4], [5], [6] and [7]. For example, Dr. Xu Zhefeng [4] studied the value distribution 
problem of the F.Smarandache function $(n), and proved the following conclusion: 


Let P(n) denotes the largest prime factor of n, then for any real number x > 1, we have 
the asymptotic formula 


where ¢(s) denotes the Riemann zeta-function. 


The main purpose of this paper is using the elementary and analytic methods to study 
the value distribution problem of the double-factorial function SDF(n), and give an interesting 
asymptotic formula it. That is, we shall prove the following conclusion: 


Theorem 1. For any real number x > 1 and any fixed positive integer k, we have the 
asymptotic formula 


x és CG 0 x 
Y= (SDF(n) — P(n))? = 8) er +O (=a) ; 


a 
n<ux i=2 In’ 


where P(n) denotes the largest prime divisor of n, and all c; are computable constants. 


Now we define another function S(n) as follows: Let S(n) denotes the smallest positive 
integer m such that n | m!. That is, S(n) = min{m: n|m!}. It is called the F.Smarandache 
function. For this function, using the method of proving Theorem 1 we can also get the following: 


Theorem 2. For any real number x > | any fixed positive integer k, we have the asymptotic 


formula 


2 ¢(3) 2° Eg 23 x 
S> (SDF (n) — S(n))? = rr rae +0(—ar). 


§2. Proof of the theorems 


In this section, we shall prove our theorems directly. First we prove Theorem 1. We 
separate all integers n in the interval [1, 2] into two subsets A and B as follows: A= {n: 1< 
n<a, P(n) > Vn}; B= {n: 1<n<ax2, n ¢ A}, where P(n) denotes the largest prime 
divisor of n. If n € A, then n = m- P(n) and P(m) < P(n). So from the definition of A we 
have SDF (2) = 2. For any positive integer n > 2 and n € A, SDF(n) = P(n), if 2 7 n. 
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SDF (n) = 2P(n), if 2 | n. From this properties we have 


do (SDF(n) — P(n))? 


n<u 
neA 
= © (SDF(2n)- P(2n))?+ S> (SDF(2n-1)- P(2n-1))’ 
2n<ax 2n-1l<a 
2nEeA 2n-1EA 
= = (SDF(2n)- P(2n))?= S> (2P(2n) - P(2n))’ 
nis l<n<z 
2nEA 2nEA 
= 2 6 @o= > 9 = 2). 25 P- (1) 
1<n<$ MPSS n<ZE 2N<PS Fy 
2neA p>2n ve 


By the Abel’s summation formula (See Theorem 4.2 of [8]) and the Prime Theorem (See The- 
orem 3.2 of [9]): 


k 

aj: 2 x 
= ) —+0O ‘ 
me) “¢ (<a) 


i= ln 
where a; (t= 1, 2,--- ,&) are constants and a, = 1. 
We have 
2 x ag 2 an 
SP = a-t(S)- On)? rn)-2 | "y-ray 
(2n) 2n on 
2n<pSsp 
2 (2) 

24n3 In x <4 lee n3 -In*tl gy 


where we have used the estimate 2n < \/z, and all b; are computable constants. 


=a 
Note that S- a ¢(3), from (1) and (2) we have 


n=1 


oF gaa x 
» (SDF(n) — P(n))’ ~ = Ing | Ss ne (a :) 8) 


nsx 1=2 
neA 


where all c; are computable constants. 
For any positive integer n with n € B, it is clear that SDF(n) < /n-Innand P(n) « /n. 


So we have the estimate 


s (SDF(n) — P(n))? « Son-nn< az? «In? g. (4) 
n<ax n<x 
neB 


Combining (3) and (4) we have 


S> (SDF(n) — P(n))? S> (SDF(n) — P(n))* + $> (SDF(n) — P(n))? 


n<a na n<a 
neA neB 


_ (3) 2 rae -O 8 
~ 24 Ina | : In®t1y }’ 
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where all c; are computable constants. This proves Theorem 1. 
Now we prove Theorem 2. Note that S(n) — P(n) = 0, if n € A; and |S(n) — P(n)| « Vn, 


ifne 


B. So from the result of the reference [4] and the proving method of Theorem 1 we have 


dU (SDF(n) — S(n))” = SY (SDF(n) — P(n))’ + D7 (S(n) — P(n))’ 


n<ux n<u n<ux 


—2) 7 (S(n) — P(n))  (SDF(n) — S(n)) 


n<x 


k 
¢(3) 2°? c+ x? ig 
=> > O a ao ae . 
24 mee In’ x x In*t1 


This completes the proof of Theorem 2. 
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